We use the Hestenes-Dirac (space-time algebra) and Lanczos-Dirac (biquaternion) equations to analyze the phases of a Dirac spinor. The biquaternionic treatment implies that the β parameter in Hestenes' formalism is related to the spinor's phases. We then identify two possible formula sets to replace Hestenes' definitions of the phases. By identifying the correct formula set we are able to provide phase formulas for the Hestenes-Dirac theory as well as resolve its "β-problem".
Introduction
In the study of geometric phases, Berry [1] required an adiabatic, cyclic and unitary evolution. The adiabatic condition was later removed by Aharonov and Anandan [2] . The key feature of their work was the realization that the time integral of the Hamiltonian's expectation value gives the dynamic phase. The extension of the theory to non-unitary and non-cyclic evolutions was carried out by Samuel and Bhandari [3] . Finally, the kinematic theory of geometric phases [4, 5] unifies these various extensions into a simple formalism.
In a series of articles, David Hestenes [6, 7, 8] has advanced the zitterbewegung interpretation of the electron using the space-time algebra formalism. Hestenes suggests a total phase formula for an electron to be used in this interpretation [8] . We find in Section (3) that he incorrectly interpreted the dynamic phase as the total phase, provided the form of the phase formula proposed in [8] is correct. Our work corrects this and provides a possible formula for the geometric phase that can be used in Hestenes' zitterbewegung theory. The remainder of the paper is an examination of the validity of these Hestenes-type phase formulas. That is, we examine the form of the formulas, having already corrected the interpretation of them. We will show that the Hestenes-type formulas are actually incorrect. In doing so, we are able to resolve the "β-problem" of the space-time algebra Dirac theory [9] .
In Section (4) we use the Lanczos-Dirac equation [10] - [14] to evaluate the correctness of the Hestenes-type formulas. The biquaternion representation of the wavefunction explicitly represents the phase and Lorentz transformation parts of a general Dirac spinor. The space-time algebra spinor representation mixes these two components. This implies that the currently uninterpreted β parameter in Hestenes' formalism [15, 16, 17] is related to the phase of the spinor. So the Hestenes-type formulas of Section (3) are incorrect since they do not depend on β. It turns out that the identification of the correct phase formulas is essentially equivalent to the resolution of the "β-problem". In the following sections, we examine two alternatives to the Hestenes-type phase formulas of Section (3) .
In Section (5) we show that the phases may actually be determined by projections onto the magnetization current from the Gordon decomposition. In this case we are then able to provide the β parameter in the space-time algebra Dirac theory a firm, non-statistical interpretation. Namely, the β parameter can be shown to determine the orientation of the magnetization current.
In Section (6) we derive a second set of phase formulas. These are derived in a style that is closest to the non-relativistic theory. Again we find that β plays a part in the determination of the phases. Here β has a "time-like" role in the formulas. This formula set is compared to the previous one in Section (7) . We find that the phase formulas derived in Section (6) are the correct ones, in agreement with previous work in this area [18, 19] . Because of this, we are able to understand the correct role of the β parameter in the space-time algebra treatment of Dirac's equation.
Geometric Algebra
We review the geometric algebra formalism that will be needed in the sequel. The reader is referred to [6, 7, 8] and [20, 21, 22, 15] for a more detailed account. For two vectors A and B, the vector product is given by
is the inner product of A and B and
is the outer product. For a general multivector C, we let C denote the scalar part of C. Then AB = A · B. The reversal of all vector products in C, writteñ C, is called the reversion of C. The space-time algebra is the geometric algebra of flat Minkowski spacetime. It is generated by the vectors {γ µ }, µ = 0, . . . , 3, satisfying the Dirac algebra
The space-time algebra is a 16-dimensional linear space spanned by
The Dirac equation for a spin-1/2 particle of charge e and mass m is given by (withh = 1 and c = 1)
where
= γ µ ∂ µ and a general spinor has the form
L is a Lorentz boost and U is a spatial rotation. The velocity vector v is defined by
The Pauli algebra is the even sub-algebra of the Dirac algebra. It is spanned by {1, σ n , iσ n , i}
The Pauli equation iṡ
The spin vector s is defined by
Hestenes-Type Phase Formulas
We first examine the phase formulas that are of the type given by Hestenes in [8] . We start by examining the well established theory of phases for a Pauli spinor. The global dynamic phase for a Pauli spinor ψ P is given by [4] 
Since ρ is the probability distribution, we define the time derivative of the local dynamic phase asδ
Using (4) in (5) again gives
Since the global geometric phase is invariant under a global gauge transformation, it is given by
and the local geometric phase is defined bẏ
Then φ L . = φ is the local total phase and
is the global total phase. If we introduce the spin bivector S S .
and the rotational velocities [7] Ω .
we have thatU
We will use (11) and (12) as the definitions of the local dynamic and geometric phases in this section. They demonstrate that these phases are the components of the rotational velocities in the spin plane. The generalizations of (11) and (12) to the relativistic case are straightforward and lead to the type of phase formula proposed by Hestenes [8] . Now we define the phases of a Dirac spinor. The generalizations of equations (8)- (12) to the relativistic case are given by
where R . = LU , R 0 . = LU 0 and the overdot represents differentiation with respect to proper time. Equations (13) and (14) are the main results of this section. Note that we have identified −Ω · S asδ H L . Hestenes [8] has previously interpreted this as the total phase changeφ L . The formulas given by (13) and (14) for the dynamic and geometric phases are in keeping with Hestenes' theory of local observables [16] . That is, they do not contain the factors ρ or β.
The Lanczos-Dirac Equation
Here we examine the biquaternion form of Dirac's equation developed by Lanczos [10] - [14] . This will allow us to evaluate the validity of the Hestenes-type formulas given in the previous section. A general biquaternion is given by
where the α µ are complex numbers and the j n are the quaternions satisfying
The various conjugations of Q arē
For two biquaternions we have
where c is complex and
The θ and ϑ are real numbers, r = r n j n (b = b n j n ) is a unit vector specifying the rotation axis (boost direction), and i = √ −1. We see that RR = 1, BB = 1, R = R * and B = B + . Note in particular that a Lorentz transformation satisfies LL = 1 so that L = RB.
The Lanczos-Dirac equation is
From (15), a general Dirac spinor has the form
where we let ρ = 0 when Ψ DΨD = 0. An observer's probability density is given by
where γ is the usual Lorentz factor. We interpret ρ as the probability density in the electron's rest frame. The phase φ is uniquely determined (modulo 2π) by Ψ DΨD . Under a global gauge transformation we have
Thus, the phase of Ψ D is always explicit in the biquaternion representation. A global gauge transformation does not affect L.
In the space-time algebra representation we have
Here a global gauge transformation is represented by
The phase information is "absorbed" into the Lorentz rotation U . That is, the phase of ψ D is not explicitly represented in the space-time algebra formalism. We cannot interpret the exp[iσ 3 φ] component of U in (2) as a pure phase factor. A general ψ can specify a Lorentz rotation that contains an exp[iσ 3 φ] component. Thus, this component has a double role, in the space-time algebra theory, of specifying the phase and part of a Lorentz rotation. In (16) every component has an explicit interpretation. In (17) not only is the interpretation of U ambiguous, we also seem to have an uninterpreted β parameter [15, 16, 17] . This is an artifact of the space-time algebra representation of ψ. If U combines information about the Lorentz rotations and phases specified by ψ, then β must tell us how to separate this information. The point is, we cannot introduce different physical information into ψ by using different mathematical formalisms. Then, any phase formula which does not depend on β is incorrect. In particular, the Hestenes-type formulas are wrong. We will examine two possible alternatives for the phase formulas. In the next section we use the Dirac adjoint of ψ in deriving our formulas. In Section (6) we use the Hermitian adjoint. The identification of the correct formulas will also provide us with a resolution of the "β-problem" in the space-time algebra Dirac theory [9] . Before proceeding we must separate U into a pure Lorentz rotation factor (U r ) and a pure phase factor (U p ). We know that ρe 2iφ = Ψ DΨD which in traditional wavefunction notation is ρe 2iφ = (ψ * ) † ψ. In the space-time algebra this becomes
This clearly shows the role of β in determining the phase φ. Note that the φ here is distinct from that in (2) and Section (3). Letting
we now decompose ψ D into
and let
Current Phase Formulas
Here we consider the formulas for the local observables that are derived using (5) as the starting point. We start with
is the magnetization current from the Gordon decomposition, and
is the conduction current for a free particle [23, 9] . Note that the parameters in (21) are determined by ψ D which is not necessarily a free particle. The overdot is now proper time differentiation. Then τ serves as the parameter in Makunda and Simons' formula [4] . The traditional wavefunction notation for the global dynamic phase resulting from (18) is
whereψ is the Dirac adjoint. It has been shown, using quantum field theory, that the spatial components of K f give rise to a zitterbewegung current that is parallel to the spatial momentum [24] . The spatial components of M result in motion which is non-parallel to the spatial momentum. We thus propose that (18) , or equivalently (19) , is a possible formula for δ L . So we let (for ρ = 0)
where we use Ω r instead of Ω in K f r . We can now use (18) and (20) to give β a non-statistical interpretation. From (20) we see that β determines the rotation of the S plane into the M plane. Then (18) shows us that the M plane determines the phases.
Spin Phase Formulas
Another possible generalization of (5) is given by
where s 0 = s · γ 0 , s = s ∧ γ 0 and v 0 = v · γ 0 . The probability density
In wavefunction notation we have
Only the spatial rotations contained in Ω appear in (26). Also, β has a "time-like" role. This again implies that β is closely related to the phases. Since
we will letδ
Discussion
We see that there is some ambiguity in the choice of phase formulas. This is becauseψψ and ψ †ψ are equal in the non-relativistic limit. Both the current and spin phase formulas have attractive features, which we now examine.
The spin phase formulas are perhaps closer in spirit to the non-relativistic theory. They also correspond with the previous definitions of the relativistic phases [19, 18] . As shown by (27) and (28), the phases are determined by the projection of Ω, or Ω r , onto the plane (is) perpendicular to the spatial spin plane (s). These are modified by the s 0β factor.
The current phase formulas (22) and (24) resemble Hestenes' original equations. Also, as (23) and (25) show, they are completely determined by the zitterbewegung motion. However, they are not determined by the helical motion, which is now shown. We can divide the Dirac current into [24, 25] (23) and (25) use K f or K f r , they determine motion which is parallel to the canonical momentum [8] .
The key to deciding the correct formula set is to analyze the free particle plane-wave solutions. Since these solutions do not have a geometric phase, we only need to consider the dynamic phase. A positron of energy E will have the opposite (same) dynamic phase as an electron with negative (positive) energy −E (E). So opposite energy electrons must have opposite dynamic phases. This is true for the spin phase formulas. However, for the current phase formulas we have locally Imψψ = −ψψE(τ ) ≤ 0 Thus, the spin phase formulas are the correct ones.
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